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1. Introduction
Throughout this work a surface, a graph and an embedding always imply an orientable cycle, a connected graph and an
orientable embedding. The concepts can be found in [2,3,8].
A linear sequence is a letter sequence with the relation≺. Since an orientable closed surface can be regarded as forming
by gluing the edges of a directed polygon as a direction, a surface can be regarded as an orientable cycle S which contains
one a and one a− for each a ∈ S. γ (S) denotes the genus of the surface S and S denotes the set containing all of the surfaces.
An equivalence∼ (for example [2]), defined on S, is as follows:
Op1. AB ∼ (Ax)(x−B)where AB ∈ S and x 6∈ AB;
Op2. Ax1x2Bx−2 x
−
1 ∼ AxBx− = Ax−Bxwhere Ax1x2Bx−2 x−1 ∈ S and x 6∈ AB;
Op3. Axx−B ∼ ABwhere Axx−B ∈ S and AB 6= ∅.
Lemma 1 (For Example [9]). Let A, B, C and D be linear sequences and let xABx−CD be a surface. Then
xABx−CD ∼ xBAx−CD ∼ xABx−DC
where x, x− 6∈ ABCD.
Let U be a surface set. The genus distribution of U is
g0(U), g1(U), g2(U), . . .
The genus polynomial of U is fU(x) = ∑∞i=0 gi(U)xi where gi(U) denotes the number of distinct surfaces of U with genus
i (i ≥ 0). Given a graph G and a surface S, if there is a homeomorphism φ : G→ S such that each connected component of
S − φ(G) is homeomorphic to an open disc, then G has a two-cell embedding on S. The genus of a graph G is the minimum
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Fig. 1. G0 and its four joint trees.
genus of the surface which it can be embedded on. The embedding genus distribution of G, also called the genus distribution,
is
g0(G), g1(G), g2(G), . . . .
The embedding polynomial, also called the genus polynomial, of a graph G is fG(x) = ∑∞i=0 gi(G)xi where gi(G) denotes the
number of distinct embeddings of G with genus i. Since determining the genus of a graph is NP-complete [6], it is NP-
complete to determine the embedding genus distribution of a graph.
Given a graph G, a rotation at a vertex v of G is a cyclic permutation of edges incident with v. A rotation system of G is
obtained by assigning a rotation at each vertex of G. Let T be a spanning tree of G. A joint tree T˜ is formed by splitting each
cotree edge a into two semi-edges a and a−. Given a spanning tree, a joint tree is determined by a rotation system and the
associated embedding surface is a cyclic permutation which is formed by the semi-edges and which is determined by the
joint tree. For example, four joint trees T˜σk(1 ≤ k ≤ 4) of G0 are obtained by letting a and b of G0 be cotree edges and letting
each vertex have a clockwise rotation (see Fig. 1). Embedding surfaces of T˜σk for i = 1, 2, 3 and 4 are respectively aa−b−b,
aa−bb−, a−ab−b and a−abb−.
We obtained explicit expressions for the genus distribution for ladder surface sets and cross surface sets [7,9,10]. In this
workwe get the relations between genera of ladder surface sets and genera of cross surface sets. Since the embedding genus
distribution of ladders and crosses can be calculated by using the genus distribution for ladder surface sets and cross surface
sets respectively [9,10], the embedding genus distribution of ladders can be obtained by using the genus distribution of cross
surface sets. Consequently, explicit expressions for genus distribution for closed-end ladders [1], Ringel ladders [5], circular
ladders and Möbius ladders [4] are deduced.
2. Main theorem
Let e1 and e2 be edges of a graph G. A ladder GLn is obtained by adding n (n ≥ 1) vertices u1, u2, u3, . . . , un on e1 in
sequence, n vertices v1, v2, v3, . . . , vn on e2 in sequence and edges ulvl such that u1v1 and u2v2 are parallel edges. A cross
GCn is obtained by adding n vertices u1, u2, u3, . . . , un on e1 in sequence, n vertices v1, v2, v3, . . . , vn on e2 in sequence and
edges ulvl such that u1v1 and u2v2 are not parallel edges. Denote ulvl by al for 1 ≤ l ≤ n.
Suppose that al are distinct letters for l ≥ 1. The ladder surface sets Snk are as follows for 1 ≤ k ≤ 11:
Sn1 = {Rn1Rn2Rn3Rn4} Sn2 = {Rn1Rn2Rn4Rn3} Sn3 = {Rn1Rn3Rn2Rn4}
Sn4 = {aRn1Rn2a−Rn3Rn4} Sn5 = {aRn1Rn3a−Rn2Rn4}
Sn6 = {aRn1Rn4a−Rn2Rn3} Sn7 = {aRn1a−Rn3Rn2Rn4}
Sn8 = {Rn1Rn2aRn3a−bRn4b−} Sn9 = {Rn1Rn3aRn2a−bRn4b−}
Sn10 = {Rn1Rn4aRn2a−bRn3b−} Sn11 = {Rn1aRn2a−bRn3b−cRn4c−}
where Rn1 = ak1ak2ak3 · · · akr , Rn2 = akr+1akr+2akr+3 · · · akn , Rn3 = a−t1a−t2a−t3 · · · a−ts , Rn4 = a−ts+1a−ts+2a−ts+3 · · · a−tn , n ≥ k1 >
k2 > k3 > · · · > kr ≥ 1, 1 ≤ kr+1 < kr+2 < kr+3 < · · · < kn ≤ n, n ≥ t1 > t2 > t3 > · · · > ts ≥ 1,
1 ≤ ts+1 < ts+2 < ts+3 < · · · < tn ≤ n and 1 ≤ r, s ≤ n, kp ≤ kq, tp 6= tq for p 6= q.
The cross surface sets Unk are as follows for 1 ≤ k ≤ 11:
Un1 = {K n1 K n2 K n3 K n4 } Un2 = {K n1 K n2 K n4 K n3 } Un3 = {K n1 K n3 K n2 K n4 }
Un4 = {aK n1 K n2 a−K n3 K n4 } Un5 = {aK n1 K n3 a−K n2 K n4 }
Un6 = {aK n1 K n4 a−K n2 K n3 } Un7 = {aK n1 a−K n3 K n2 K n4 }
Un8 = {K n1 K n2 aK n3 a−bK n4 b−} Un9 = {K n1 K n3 aK n2 a−bK n4 b−}
Un10 = {K n1 K n4 aK n2 a−bK n3 b−} Un11 = {K n1 aK n2 a−bK n3 b−cK n4 c−}
where K n1 = ah1ah2ah3 · · · ahr , K n2 = ahr+1ahr+2ahr+3 · · · ahn , K n3 = a−l1a−l2a−l3 · · · a−ls , K n4 = a−ls+1a−ls+2a−ls+3 · · · a−ln , n ≥ h1 >
h2 > h3 > · · · > hr ≥ 1, 1 ≤ hr+1 < hr+2 < hr+3 < · · · < hn ≤ n, 1 ≤ l1 < l2 < l3 < · · · < ls ≤ n,
n ≥ ls+1 > ls+2 > ls+3 > · · · > ln ≥ 1 and 1 ≤ r, s ≤ n, hp 6= hq, lp 6= lq for p 6= q.
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Fig. 2. L0 , Ln and certain joint trees of Ln .
Theorem 1 (Theorem 3.1 of [7]). Let gi(GLn) denote the number of distinct embeddings with genus i in GLn and let gij(n) denote
the number of surfaces with genus i in Snj . gi(Gn) is a linear combination of gmj(n)’s for 1 ≤ j ≤ 11, 0 ≤ m ≤ i and n ≥ 1. 
Theorem 2. Let gi(GCn) denote the number of distinct embeddings with genus i in GCn and let µij(n) denote the number of
surfaces with genus i in Unj . gi(GCn) is a linear combination of µmj(n)’s for 1 ≤ j ≤ 11, 0 ≤ m ≤ i and n ≥ 1.
Proof. This conclusion holds on using arguments similar to those in the proof of Theorem 1. 
Theorem 3. Suppose that gij(n) and µij(n) denote the number of surfaces for the surface sets S
n
j and U
n
j with genus i for
n ≥ 1, 1 ≤ j ≤ 11 and i ≥ 0 respectively. Let fS0j (x) = fU0j (x) = 0. Then,
gi1(n) = µi2(n), gi2(n) = µi1(n), gi3(n) = µi3(n), gi4(n) = µi4(n),
gi5(n) = µi6(n), gi6(n) = µi5(n), gi7(n) = µi7(n), gi8(n) = µi8(n),
gi9(n) = µi10(n), gi10(n) = µi9(n), gi11(n) = µi11(n).
Proof. Let al denote distinct letters for l ≥ 1 and let
Rn1 = ak1ak2ak3 · · · akr , Rn2 = akr+1akr+2akr+3 · · · akn ,
Rn3 = a−t1a−t2a−t3 · · · a−ts and Rn4 = a−ts+1a−ts+2a−ts+3 · · · a−tn
where n ≥ k1 > k2 > k3 > · · · > kr ≥ 1, 1 ≤ kr+1 < kr+2 < kr+3 < · · · < kn ≤ n, n ≥ t1 > t2 > t3 > · · · > ts ≥ 1,
1 ≤ ts+1 < ts+2 < ts+3 < · · · < tn ≤ n and 1 ≤ r, s ≤ n, kp 6= kq, tp 6= tq for p 6= q. The corresponding cross surface sets Unj
are obtained by letting
K n1 = ak1ak2ak3 · · · akr , K n2 = akr+1akr+2akr+3 · · · akn ,
K n3 = a−ts+1a−ts+2a−ts+3 · · · a−tn and K n4 = a−t1a−t2a−t3 · · · a−ts .
Let ψ be a map defined on
⋃11
j=1 S
n
j such that R
n
1, R
n
2, R
n
3 and R
n
4 correspond to K
n
1 , K
n
2 , K
n
4 and K
n
3 .
For any surface Rn1R
n
2R
n
3R
n
4 ∈ Sn1 , we have ψ(Rn1Rn2Rn3Rn4) = K n1 K n2 K n4 K n3 . For any surface K n1 K n2 K n4 K n3 , ψ−1(K n1 K n2 K n4 K n3 ) =
Rn1R
n
2R
n
3R
n
4. Then, ψ is a bijection from S
1
j to U
2
j .
Since γ (Rn1R
n
2R
n
3R
n
4) = γ (K n1 K n2 K n4 K n3 ), gi1(n) = µi2(n).
The other equations can be verified by using a similar map ψ as well as by applying Lemma 1. 
3. Applications
Let L0 be the graph shown in Fig. 2 (a). The closed-end ladder Ln is formed by adding n parallel edges ulvl, denoted by al, in
Fig. 2 (b). A spanning tree Tn of Ln is obtained by letting a and al be cotree edges for 1 ≤ l ≤ n. Joint trees of Ln are obtained by
splitting cotree edges. Let each vertex have a clockwise rotation in each joint tree. Thus, the associated embedding surfaces
of Ln are aRn1R
n
4a
−Rn3R
n
2. Certain joint trees of Ln are shown in Fig. 2 (c).
By Op2 and Lemma 1
aRn1R
n
4a
−Rn3R
n
2 ∼ aRn1Rn4a−Rn2Rn3.
Thus,
fLn(x) = fSn6 (x).
By Theorem 3
fLn(x) = fUn5 (x).
Then, by using Theorem 4 of [10] we have:
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Fig. 3. CLn and RLn .
Corollary 1 ([1]). Let gi(Ln) be the number of distinct embeddings for Ln and let Cn(i) =
(
n− 2− i
i
)
. Then
gi(Ln) =
2n+i−1
2n− 3i+ 2
n− i+ 1 Cn+3(i), if 0 ≤ i ≤
[
n+ 1
2
]
and n ≥ 1;
0, otherwise.
A subdivision of CLn, still denoted by CLn, is obtained by adding n−1 parallel edges al such that the ends of al are, respectively, on
uv and u0v0 for positive integers n and l with n ≥ 2 and 1 ≤ l ≤ n−1 (Fig. 3 (a)). A spanning tree of CLn is obtained by letting a,
b and al be cotree edges. Then CLn has four types of joint trees for certain Rn−11 , R
n−1
2 , R
n−1
3 and R
n−1
4 according to distinct rotation
pairs at ends of a and b. Accordingly, it has four embedding surfaces Rn−11 aR
n−1
2 a
−bRn−13 b−R
n−1
4 , a
−Rn−11 aR
n−1
2 bR
n−1
3 b
−Rn−14 ,
Rn−11 aR
n−1
2 a
−Rn−13 b−R
n−1
4 b and a
−Rn−11 aR
n−1
2 R
n−1
3 b
−Rn−14 b. Thus,
gi(CLn) = 2gi9(n− 1)+ 2gi10(n− 1) = 2µi9(n− 1)+ 2µi10(n− 1).
By using Theorem 4 of [10], we obtain
Corollary 2 ([5]). Let gi(CLn) be the number of distinct embeddings with genus i for CLn and let g0(CL1) = 4 where n ≥ 1 and
i ≥ 0. Let Cn(i) =
(
n− 2− i
i
)
and Dn(i) = ni 2i. Then,
gi(CLn) =

4, if i = 0 and n = 2;
12, if i = 1 and n = 2;
2n + 8n+ 6, if i = 1 and n = 3, 4;
2n + 8n− 2, if i = 1 and n ≥ 5;
(2n − 22i−2)Cn(i− 2)Dn(i− 1)+ 22iCn(i− 1)Dn(i), if 2 ≤ i < n2 − 1 and n ≥ 3;
(2n − 22i−2)Cn(i− 2)Dn(i− 1)+ 22iCn(i− 1)Dn(i)+ 2n−1, if i = n2 − 1 and n ≥ 5;
(2n − 22i−2)Cn(i− 2)Dn(i− 1)+ 22iCn(i− 1)Dn(i)+ 2n, if n2 − 1 < i ≤
n− 1
2
and n ≥ 4;
(2n − 22i−2)Cn(i− 2)Dn(i− 1)+ 2 3n2 +1 − 3 · 2n−1, if n− 12 < i ≤
n
2
and n ≥ 3;
(2n − 22i−2)Cn(i− 2)Dn(i− 1), if n2 < i ≤
n+ 1
2
and n ≥ 3;
0, otherwise.
RLn is obtained by adding parallel edges al such that the ends of al are on uv and uw each for a positive integer n and
1 ≤ l ≤ n (Fig. 3 (b)). Let a, b and al be cotree edges. A spanning tree of RLn is obtained. RLn has four types of embedding
surfaces: Rn1baR
n
2b
−Rn3a−R
n
4, b
−Rn1baR
n
2R
n
3a
−Rn4, R
n
1abR
n
2b
−Rn3a−R
n
4 and b
−Rn1abR
n
2R
n
3a
−Rn4.
gi(RLn) = 2g(i−1)3(n)+ 2gi10(n) = 2µ(i−1)3(n)+ 2µi9(n).
The following conclusion can be obtained by using Theorem 4 of [10]:
Corollary 3 ([4]). Let gi(RLn) denote the number of distinct embeddings for RLn with genus i and let Cn(i) =
(
n− i
i− 2
)
n
i−12
i−1.
Then
gi(RLn) = 2nCn(i) (if 1 ≤ i ≤ (n+ 1)/2)
−22i−2Cn(i) (if 2 ≤ i ≤ (n+ 1)/2)
+22iCn(i+ 1) (if 1 ≤ i ≤ (n− 1)/2)
+2n (if i = (n− 1)/2)
+2n−1 (if i = n/2 or i = (n/2)− 1)
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+2n(2(n/2)+1 − 2) (if i = n/2)
−2 (if i = 1)
+2 (if i = 0). 
Corollary 4 ([4]). The embedding distribution by genus for MLn equals that of CLn, except that MLn has two extra embeddings
of genus 1 and two fewer embeddings of genus 0. 
References
[1] M.L. Furst, J.L. Gross, R. Statman, Genus distributions for two classes of graphs, J. Combin. Theory B 46 (1989) 22–36.
[2] Y.P. Liu, Embeddability in Graphs, Kluwer Academic Publisher, Dordrecht, Boston, London, 1995.
[3] Y.P. Liu, Advances in Combinatorial Maps, Northern Jiaotong University Press, Beijing, 2003 (in Chinese).
[4] L.A. McGeoch, Algorithms for two graph problems: Computing maximum-genus imbeddings and the two-server problem, Ph.D. Thesis, Computer
Science Dept., Carnegie Mellon University, PA, 1987.
[5] E.H. Tesar, Genus distribution of Ringel ladders, Discrete Math. 216 (2000) 235–252.
[6] C. Thomassen, The graph genus problem is NP-complete, J. Algorithms 10 (1989) 568–576.
[7] L.X. Wan, Genus distribution of general ladders, Acta Math. Appl. Sin. (in press) (in Chinese).
[8] L.X. Wan, Y.P. Liu, Orientable embedding genus distribution for certain types of graphs, J. Combin. Theory, Ser. B 98 (2008) 19–32.
[9] L.X. Wan, Y.P. Liu, Orientable embedding distributions by genus for certain type of non-planar graphs (I), Ars Combin. 79 (2006) 97–105.
[10] L.X. Wan, Y.P. Liu, Orientable embedding distributions by genus for certain type of non-planar graphs (II), Ars Combin (in press).
